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Abstract
We discuss the criteria presently used for evaluating the efficiency of quan-
tum teleportation schemes for continuous variables. It is argued that the fi-
delity criterion used so far has some severe drawbacks, and that a fidelity value
larger than 2/3 is actually required for successful quantum teleportation. This
value has never been reached experimentally so far.
I. INTRODUCTION
Quantum teleportation has emerged in recent years as a major paradigm of theoretical
[1] and experimental [2–4] quantum information. The initial approaches using discrete vari-
ables [1–3] have been extended to continuous quantum variables [4–6]. Though there is a
general agreement about the main ideas of quantum teleportation, some discussions have
appeared about practical details, often related to practical considerations : “conditional”
vs “unconditional” teleportation [7], or various - and somehow different - sets of criteria for
evaluating the efficiency of realistic -and thus imperfect - teleportation experiments [5,6].
In this paper, we will review these teleportation criteria for continuous quantum variables.
We will relate these criteria to the various ones introduced in the literature, and also to
the ones previously introduced for characterizing non-ideal quantum non-demolition (QND)
measurements [8–10]. Our main conclusion will be that the fidelity criterion, which has been
the most widely used so far, is subject to some ambiguities. If particular, we will argue that
the quantum vs “classical” limit Fquant > 0.5 is at least partially unwarranted, while taking
Fquant > 2/3 would be much safer - even if more difficult to reach.
Shared entanglement is known to be the basic ingredient for quantum teleportation. The
main line of our argument will be to look in detail at what is actually meant by “entan-
glement”, especially in the case where what is shared between the communicating parties
(Alice and Bob) are mixed states rather than pure states. There are various ways to define
entanglement, depending whether one insists on the mathematical structure of the state -
we will call that aspect “entanglement” and use the standard tools of quantum information
theory - or on the physical properties associated with non-locality and the violation of Bell’s
inequalities (BI) - we will call that aspect “non-separability”. As long as Alice and Bob
share pure states, the situation is relatively clear : it is known that entanglement and BI
violation are equivalent properties of a pure quantum state. We point out however that
the violation is not necessarily obtained on the same variables as the teleported ones. For
1
instance, there is no violation of BI for the continuous variables teleported using an EPR
state [4]; the violation shows up on other variables, such as the parity of the photon number,
which are much more difficult to access. We will come back to that point later, but one
may consider this as a relatively minor difficulty : the shared entangled state does exhibit
in principle both entanglement and BI violation.
In practice, due to imperfect transmissions, shared states are most often mixed states.
Then the above nice equivalence disappears, and it becomes possible to violate the “classical”
boundary of teleportation, without any violation of BI [11]. This means also that the
quantum state - even if it is formally “entangled” - can be mimicked by a local hidden
variable model. One may then argue that an essential feature of entanglement is lost :
though the quantum entanglement can still not be created locally, it can be simulated by
a local classical process. One may thus seriously question whether a state used is such
conditions would be fully secure, e.g. in a quantum cryptography protocol: the laws of
physics will not forbid a smart eavesdropper to set up a “fake” transmission line, using local
hidden variables that she fully controls.
A significant extra difficulty with continuous variables schemes is that, as said above,
there is no direct practical way to check whether or not BI are violated. There is however a
weaker test of non-separability, which is to use the Einstein-Podolsky-Rosen (EPR) argument
itself [12]. This argument applies whenever two (non-commuting) measurements on a system
allows one to deduce the values of two other (non-commuting) observables of another remote
system, in such a way that the product of the two inferred variances apparently violate
Heisenberg inequalities (HI). This violation is apparent only, because the inferred variances
are actually “conditional variances”, with the condition - i.e. the measurement on the first
system - being changed between the two terms of the product. Therefore, in the absence of
efficient BI test, we will propose to use this apparent violation of HI as a more effective -
and in some sense “necessary” - way to characterize the shared entanglement. We will show
below that this condition can be recasted as a condition about the teleportation efficiency.
When the two conditional variances are equal, the condition expressed as a fonction of the
usual fidelity criterion is F > 2/3. It has never been reached experimentally so far.
II. QUANTUM MEASUREMENT AND RE-CREATION SCHEMES
We assume that joint measurements of both quadratures are performed on a light beam.
We will carry out a linearized, gaussian noise analysis, which is relevant for the present
experimental schemes. Such an approach has already been used extensively for characterizing
optical QND measurements [9,10]. Denoting as X ins , Y
in
s the input quadratures, MX , MY
the measurement results, one has in the general case :
MX = gXX
in
s + fXY
in
s +BX
MY = fY Y
in
s + gY Y
in
s +BY (1)
where the f ′s and g′s are linearized gain coefficients, and the B′s are added noises during
the measurement process (with zero mean values). For simplicity, we will assume that the
measurement is good enough to give information of one quadrature only, i.e. fX = fY = 0
(this can be obtained from an appropriate quadrature rotation). One has thus :
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MX = gXX
in
s +BX
MY = gY Y
in
s +BY (2)
Making joint measurements means that MX and MY are compatible, and thus commuting
quantities. Taking into account that the measurement noise is unrelated with the signal
input, one has :
[MX , MY ] = 0 = gXgY [X
in
s , Y
in
s ] + [BX , BY ]
= 2igXgY + [BX , BY ] (3)
One obtains thus the Heisenberg relation :
∆BX∆BY ≥ |gXgY | (4)
It is convenient to define the variances of the equivalent input noises [9] associated with the
measurements :
NmX = (∆M
in
X /|gX|)
2 − (∆X ins )
2 = (∆BX/|gX |)
2
NmY = (∆M
in
Y /|gY |)
2 − (∆Y ins )
2 = (∆BY /|gY |)
2 (5)
One has thus :
NmXN
m
Y ≥ 1 (6)
This Heisenberg-type relation sets a limit to the simultaneous measurement of both quadra-
tures. It can be rewritten in another way by using the input-output transfer coefficient
Tmi = R
m
i /R
in
i where i = X, Y , and the R
′s are the signal to noise ratios of the correspond-
ing channels. The transfer coefficient T expresses how well the signal to noise ratio R is
processed from the input to the output; T is 1 for a perfect system, and 0 if the information
is totally destroyed. It can be shown simply [9] that :
TmX =
(∆X ins )
2
(∆X ins )
2 +NmX
TmY =
(∆Y ins )
2
(∆Y ins )
2 +NmY
(7)
Assuming that the input signal is in a minimum uncertainty state (i.e. ∆X ins ∆Y
in
s = 1), it
can be shown [6] that eq. 6 is equivalent to :
TmX + T
m
Y ≤ 1 (8)
The total information transfer in the joint measurement of both quadratures has thus an
upper bound, which is just another way to write the Heisenberg inequality given by eq. 6.
In a teleportation scheme, the non-perfect classical information which is obtained from
the previous measurement is used to reconstruct the initial state. One has thus :
Xouts = hXMX + CX
Y outs = hYMY + CY (9)
where th h′s and C ′s are again gains and noises. Using the same reasoning as above, one
obtains immediately :
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∆CX∆CY ≥ 1 (10)
On the other hand, one has :
Xouts = hXgXX
in
s + hXBX + CX = hXgXX
in
s +DX
Y outs = hY gY Y
in
s + hYBY + CY = hY gY Y
in
s +DY (11)
and thus :
∆DX∆DY ≥ |1− hXgXhY gY | (12)
If the rhs of eq. 12 is zero, then there is no lower bound on the product of the added
noise, and perfect reconstruction is possible : this is the principle of quantum teleportation.
In practice, the detection and reconstruction scheme include a classical part which can be
subjected to arbitrary gain. It is thus always possible to adjust the parameters in such a
way that :
gT = hXgX = hY gY = 1 (13)
which yields a zero lower bound in eq. 12. Again like above, one can introduce :
T outi =
Routi
Rini
(14)
Since the added noise may be zero, it is possible to reach T outX + T
out
Y = 2 by using telepor-
tation. On the other hand, by using only the available classical information, one would be
bounded to (T outX + T
out
Y )class = T
m
X + T
m
Y ≤ 1.
Another way to look at this bound is by introducing equivalent input noises. In the
interesting case where hXgX = hY gY = 1, one has simply N
out
X = (∆DX)
2 and NoutY =
(∆DY )
2. In order to obtain T outX + T
out
Y > 1, one needs actually to have N
out
X N
out
Y < 1. This
is certainly possible, since DX and DY are not the quadrature components of a same mode,
but this requires entanglement, which is the basic ingredient of quantum teleportation. We
will show below that this condition is equivalent to the apparent HI violation quoted above,
and we will take it as our main teleportation criterion.
As an example, we quote here again the principle of the EPR teleportation of ref. [4].
By taking again hXgX = hY gY = 1, and denoting B
′
X = BX/gX , B
′
Y = −BY /gY , one has :
Xouts = X
in
s +B
′
X + CX
Y outs = Y
in
s −B
′
Y + CY (15)
One may thus choose B′X = X1, CX = X2, B
′
Y = Y1, CY = Y2, where 1 and 2 denote
two EPR beams generated in such a way that (X1 +X2) and (Y1 − Y2) are both squeezed
[4] ((Y1 + Y2) and (X1 − X2) are then anti-squeezed). This warrants the efficiency of the
scheme, where NoutX N
out
Y can be arbitrarily low, restricted by practical considerations such
as the available squeezing and the quantum efficiency of the transmission channel (see also
discussion in section IV).
As a conclusion, a simple criterion for efficient quantum teleportation is simply that
T outX +T
out
Y > 1, provided that the gain for both quadratures is set to 1. This can equivalently
be written as an Heisenberg product relative to the equivalent input noises NoutX N
out
Y < 1.
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III. RELATIONS TO OTHER CRITERIA
A. Ralph and Lam criteria
The above criteria are very close from the ones initially proposed by Ralph and Lam
[6], since all of them are derived from the criteria used previously for characterizing QND
measurements [9]. The T outX + T
out
Y > 1 criterion was actually introduced in ref. [6], where it
was also pointed out that it is possible to “cheat” this criteria is the signal gain is much larger
than one. It is thus crucial to impose a limitation on the gain, but instead of the unity gain
condition used above, Ralph and Lam consider an input-output conditional variance. In our
opinion, this causes several problems. First, an input-output correlation cannot be simply
measured, because it requires to know the quantum fluctuations of the input beam. Even
if these fluctuations are measured, using e.g. a perfect QND measurement, the input beam
will be strongly altered, and the properties of the teleportation may be completely changed.
This is actually for avoiding such problems that the transfer coefficients were introduced
for QND measurements (as far as the conditional variance is concerned, the QND criteria
use an output-output conditional variance, which is easy to measure [9]). Since the direct
measurement of the input-output conditional variance is not feasible, a possible solution is
to evaluate it from the transfer coefficients [6]. However, the two criteria will then give a
partly redundant information, in a way which not easy to disintricate.
A more serious problem is that the criteria of ref. [6] may lead to the conclusion that
teleportation can work better when the signal gain significantly deviates from one. This is
in contradiction with the fidelity criterion, which is strongly peaked with a maximum for
unity gain (see below). A unity gain actually insures that the classical part of the signal
will be teleported correctly. It is very easy to check whether or not it is satisfied, simply
by teleporting coherent states with various complex amplitudes : for this simple test to be
passed, it is crucial to impose the unity gain condition. We note that this condition is actually
easy to fulfill, since it is essentially an adjustment in the “classical” part of the set-up, i.e.
turning an electronics circuit knob. There is thus no reason to deviate from that condition,
and this is why we take the value of T outX +T
out
Y for unity gain (i.e. gT = hXgX = hY gY = 1)
as the actual criterion of interest [13].
B. Fidelity
A simple approach to the fidelity criterion can be given when one tries to teleport an
arbitrary coherent state |α〉. The density matrix of the teleported state can be expanded on
a coherent state basis |β〉, where the probability to reconstruct the state |β〉 is denoted as
P (β).
The fidelity is then simply :
F =
∫
d2βP (β)|〈β|α〉|2
=
∫
dx dyP (x, y) exp
(
−
(x− xa)
2
4
−
(y − ya)
2
4
)
(16)
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where α = (xa+ iya)/2, β = (x+ iy)/2, and the vacuum noise variance has been normalized
to 1. In a gaussian noise hypothesis, one has :
P (x, y) =
1
2pi
√
NoutX N
out
Y
exp
(
−
(x− xb)
2
2NoutX
−
(y − yb)
2
2NoutY
)
(17)
where the variances of the x and y distributions are just the equivalent input noise calculated
above, and (xb, yb) are the mean coordinates of the reconstructed distribution. By carrying
out the integration one obtains :
F =
2√
(2 +NoutX )(2 +N
out
Y )
exp
(
−
(xa − xb)
2
2(2 +NoutX )
−
(ya − yb)
2
2(2 +NoutY )
)
(18)
The fidelity is thus strongly peaked on the condition (xa = xb, ya = yb), which is obtained
for unity gain (gT = 1)in the teleportation scheme. One gets thus [4,5] :
FgT=1 =
2√
(2 +NoutX )(2 +N
out
Y )
(19)
This quantity is clearly relevant for characterizing quantum teleportation, and can reach
the value FgT=1 = 1 when N
out
X = N
out
Y = 0, i.e. when the teleportation noise is zero. A
more subtle question is to decide about a boundary for successful teleportation. According
to ref. [4], this boundary should be FgT=1 = 0.5, which is obtained for instance when N
out
X =
NoutY = 2, i.e. when the two noises associated with the measurement and reconstruction
independantly reach the shot-noise limit. As we have said above, we will show now in more
details that a more meaningful limit is to take NoutX N
out
Y = 1, or N
out
X = N
out
Y = 1 for equal
noises, giving a more stringent quantum limit FgT=1 > 2/3.
C. Heisenberg criterion
We give here the mathematical formulation of the main point of this paper, which is
that the EPR argument can be used as a teleportation criterion. For this calculation, it is
convenient to rewrite eq. 11 under the following form, where unity gain is assumed :
Xouts = X
in
s +Xm +Xr
Y outs = Y
in
s + Ym + Yr (20)
where the subscripts m and r denote respectively the added noises due to the measurement
and the reconstruction. We denote vA = (∆A)
2 the variance for each operator, and cA,B =
〈AB〉 the correlation between A and B, which is taken real. As a criteria for non-separability,
we will use the EPR argument : two different measurements prepare two different states, in
such a way that the product of conditional variances (with different conditions) violates the
Heisenberg principle. The relevant conditional variances can be written [9] :
VXr|Xm = (vXr − c
2
Xm,Xr/vXm)
VY r|Ym = (vY r − c
2
Y m,Y r/vY m)
VXm|Xr = (vXm − c
2
Xm,Xr/vXr)
VY m|Y r = (vYm − c
2
Ym,Y r/vY r) (21)
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and the classical limit of no apparent violation of HI is :
VXr|XmVY r|Ym ≥ 1 VXm|XrVY m|Y r ≥ 1 (22)
Defining vCx = (vXrvXm − c
2
Xm,Xr) and vCy = (vY rvY m − c
2
Ym,Y r) these two inequalities
become :
vCxvCy ≥ vXmvY m vCxvCy ≥ vXrvY r (23)
It will be useful for the following to note that the lhs of these inequalities can be written:
( vXrvXm − c
2
Xm,Xr)(vY rvY m − c
2
Y m,Y r) =
( (vXr + vXm)
2 − (vXr − vXm)
2 − 4c2Xm,Xr)((vY r + vYm)
2 − (vY r − vY m)
2 − 4c2Ym,Y r)/16 =
( vXr + vXm + 2cXm,Xr)(vXr + vXm − 2cXm,Xr)×
( vY r + vY m + 2cY m,Y r)(vY r + vY m − 2cYm,Y r)/16
− (vXr − vXm)
2vCy/4− (vY r − vYm)
2vCx/4− (vXr − vXm)
2(vY r − vY m)
2/16 (24)
The product of the total equivalent input noises is :
NoutX N
out
Y = (vXm + vXr + 2cXm,Xr)(vY m + vY r + 2cY m,Y r) (25)
Due to the positive character of the variances, one has :
(vXr + vXm − 2cXm,Xr) ≤ 2(vXr + vXm)
(vYm + vY r − 2cYm,Y r) ≤ 2(vY m + vY r) (26)
Combining all the above equations, one obtains :
NoutX N
out
Y ≥
2(vXmvY m + vXrvY r) + (vXr − vXm)
2vCy + (vY r − vY m)
2vCx
(vXr + vXm)(vY m + vY r)
≥ 1 +
n
(vXr + vXm)(vYm + vY r)
(27)
where n = (vXm− vXr)(vY m− vY r)+ (vXr− vXm)
2vCy +(vY r− vY m)
2/vCy. The minimum of
n with respect to vCy is obtained for vCy = |(vY r − vY m)/(vXr − vXm)| and takes the value
n = (vXm − vXr)(vY m − vY r) + 2|(vXm − vXr)(vY m − vY r)| (28)
The value of n is thus always positive (or zero), and one obtains finally :
NoutX N
out
Y ≥ 1 (29)
as the condition for no useful entanglement between the two beams. As shown above, this
condition has the nice advantage of being equivalent to the transfer criterion T outX +T
out
Y ≤ 1
when the teleportation input is a minimum uncertainty state. For symmetrical noise variance
NoutX = N
out
Y ≥ 1, it corresponds to the fidelity value :
F = 4/
√
(2 +NoutX ) (2 +N
out
Y ) ≤ 2/3 (30)
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IV. DISCUSSION
A. An example : sharing imperfect EPR beams
In order to illustrate the physical significance of these various criteria, we consider again
teleportation using an EPR state [4], obtained by recombining two squeezed beams with
equal variances Vsq1 = Vsq2 = s < 1. The resulting EPR state is distributed to Alice and
Bob with a quantum efficiency η, which is supposed to be the same on the measurement
and reconstruction channels (this corresponds to the most favourable hypothesis). This
situation provides a simple model of a mixed state where our analysis is relevant, and it also
corresponds to practical experimental situations.
Using the scheme introduced in eq. 15, one obtains :
Xouts = X
in
s +
√
2η Xsq1 +
√
1− η X ′v +
√
1− η Xv
Y outs = Y
in
s +
√
2η Ysq2 −
√
1− η Y ′v +
√
1− η Yv (31)
where the subscript v denotes vacuum modes. One has thus :
NoutX = N
out
Y = 2(1− η + ηs)
T outX + T
out
Y = 2/(3− 2η + 2ηs)
F = 1/(2− η + ηs) (32)
These various curves are plotted on Fig. 1. For s=0 (perfect squeezing), the product
NoutX N
out
Y goes below 1 for η > 1/2, for which value T
out
X +T
out
Y = 1 and F = 2/3. According
to our criteria, successful teleportation requires both that the transmission efficiency η is
larger than 50 %, and that the noise reduction is larger than 3 dB. On the other hand, the
“classical” limit F = 0.5 is beaten as soon as the efficiency and squeezing are not vanishingly
small. This clearly shows again that the F = 0.5 limit is very loose, and appears as a criteria
for the use of squeezed light, rather than for the existence of quantum non-separability.
B. Some more remarks
It is worth noticing that fidelity and efficiency are usually considered as two different
concepts : if one is able to “distillate” entangled pure states from shared mixed states, then
higher fidelity can be obtained at the expense of a lower efficiency. However, this idea does
not correspond to the experimental situation described in ref. [4], where the imperfect EPR
state is directly used for the teleportation. In other terms, we claim that as long as the
shared state used for the reconstruction has not been purified to an entangled pure state,
any “classical” limit rests on a shaky ground, unless it is completed by a supplementary
EPR-type or Bell-type argument as we have done here.
The situation for pure states can be examined by taking η = 1 in the simple model
above. The shared state is then a pure EPR state, and F > 0.5 as soon as some squeezing is
available. On the other hand, our criteria still requires more that 3 dB squeezing (s < 0.5).
The physical meaning of this condition is clear : the individual EPR beams are very noisy,
and s < 0.5 is required to bring the conditional variances in the HI-violating domain [12].
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On the other hand, if s ≥ 0.5, though the state is in principle (non-locally) entangled,
the behaviour of the observed quantities can be mimicked by a classical and local model,
which does not involve non-separability in the EPR sense. Whether or not this is acceptable
for “successful teleportation” is an open question; our present answer is clearly no, but the
relationship between teleportation and non-separability is still a subject of active discussions
(see e.g. [14] and references therein).
V. CONCLUSION
The main goal of this paper is to define a teleportation criteria for continuous variables,
based upon the notion of non-separability, defined here as the violation of Heisenberg in-
equalities for products of conditional variances. The obtained condition reads NoutX N
out
Y < 1,
where NoutX and N
out
Y are the variances of the total equivalent noise in the teleportation pro-
cess, and unity transfer gain is always assumed. If the state to be teleported is a minimum
uncertainty state (e.g. coherent or squeezed state), our condition is identical to the Ralph
and Lam criterion : T outX + T
out
Y > 1, where T
out
X and T
out
Y are the SNR transfer coefficients.
For teleporting coherent states, the optimum efficiency is obtained when NoutX = N
out
Y , and
the fidelity must satisfy F > 2/3. Though the result Fexp = 0.58 reported in ref. [4] falls
below that value, this experiment is nevertheless a very significant achievement in defining
and using the concept of continuous variables quantum teleportation.
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FIGURES
FIG. 1. Criteria for teleporting a coherent state using a shared EPR state with limited squeez-
ing and transmission efficiency η. While the fidelity value FgT=1 is almost always larger than
0.5, the product of equivalent input noises (NoutX N
out
X < 1) or the information transfer efficiency
(T outX + T
out
Y > 1) set more stringent limits which can be fulfilled only when η > 0.5, with more
than 3 dB squeezing (thick part of the full lines).
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